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We study three types of quotient maps of frames which are closely related to C- and C∗-
quotient maps. We call them C1-, strong C1-, and uplifting quotient maps. C1-quotient
maps are precisely those whose induced ring homomorphisms contract maximal ideals to
maximal ideals. We show that every homomorphism onto a frame is a C1-, a strong C1-,
or an uplifting quotient map iff the frame is pseudocompact, compact, or almost compact
and normal, respectively. These quotient maps are used to characterize normality and also
certain weaker forms of normality in a manner akin to the characterization of normal
frames as those for which every closed quotient map is a C-quotient map. Under certain
conditions, we show that the Stone extension of a quotient map is C1-, strongly C1- or
uplifting if the map has the corresponding property.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
An onto frame homomorphism h : L → M has been deﬁned in [4] to be a C-quotient map if for every frame homo-
morphism γ : OR → M there is a frame homomorphism δ : OR → L such that h · δ = γ , where the centre dot denotes
composition. Restricting γ to bounded functions deﬁnes C∗-quotient maps. As the authors point out, these notions are
precise extensions to frames of C- and C∗-embeddings of subspaces in the sense that a subspace S of X is C-embedded
(resp. C∗-embedded) if and only if the frame homomorphism OX → OS , induced by the subspace embedding S ↪→ X , is a
C-quotient (resp. C∗-quotient) map.
In this paper we deﬁne three types of quotient maps; namely, C1-quotient maps, strong C1-quotient maps and uplifting
quotient maps. As in the case of C- and C∗-quotient maps, these maps have topological antecedents. Respectively, they
capture the notions of C1-embedded subspaces (see [15]), strong C1-embedded subspaces (see [14]) and FF-embedded
subspaces (see [1]).
Here is a brief overview of the paper. In the preliminaries we recall a few facts concerning frames, and ﬁx notation.
Following that, we deﬁne C1- and strong C1-quotient maps in Section 3. We give a characterization of C1-quotient maps
in terms of maximal ideals of cozero parts of their domains and the codomains (Proposition 3.5). Namely, a quotient map
is C1 if and only if every maximal ideal of the cozero part of its codomain contains the image of some maximal ideal
of the cozero part of its domain. Emanating from this is the characterization (Corollary 3.7) that a quotient map is a C1-
quotient map precisely if its induced ring homomorphism contracts maximal ideals to maximal ideals. A consequence of
this is that a subspace S of a Tychonoff space X is C1-embedded iff the ring homomorphism C(X) → C(S), given by
f → f |S , contracts maximal ideals to maximal ideals. Every homomorphism onto a frame is C1 precisely if the frame
is pseudocompact (Corollary 3.11). These maps are used to characterize frames which are extensions of what Mack [18]
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C1-quotient map (Proposition 3.15).
A homomorphism is called coz-heavy if every element it sends to the top is above some cozero element it also sends
to the top. A necessary and suﬃcient condition that a quotient map be strongly C1 is that it be a coz-heavy C-quotient
map (Proposition 3.17). After observing that every homomorphism onto a frame is coz-heavy exactly if the frame is Lindelöf
(Corollary 3.22), we show that every homomorphism onto a frame is strongly C1 if and only if the frame is compact
(Corollary 3.25). We end the section by observing that for a C∗-quotient map (so that its Stone extension is also a quotient
map by [11, Proposition 2.1]), the properties of being C1 and strongly C1 are inherited by the Stone extension. Examples
show that the converses fail.
Uplifting quotient maps are treated in Section 4. They characterize normal frames as follows: L is normal iff every
uplifting quotient map out of L is a C∗-quotient map, iff every C∗-quotient map onto L is uplifting (Proposition 4.5). Every
homomorphism onto a frame is uplifting iff the frame is normal and almost compact (Corollary 4.7), and dense uplifting
quotient maps are C∗-quotient maps (Proposition 4.9). As in the case of C1 and strong C1-quotient maps, the Stone extension
of an uplifting C∗-quotient map is uplifting (Proposition 4.11).
In the last section we consider the following situation: Given two nuclei  and j on a frame L, we seek conditions under
which the quotient map  ∧ j : L → Fix( ∧ j) is C1, strongly C1, or uplifting if  : L → Fix() and j : L → Fix( j) have the
corresponding property.
Finally, a word about style. Our inclination towards pointfree topology is algebraic (or “contravariant”, if you will) as our
calculations and presentations of results attest. We have thus worked entirely within the category of frames. Admittedly, it
is perhaps more topologically suggestive to say, for instance, “a locale is absolutely C1-embedded iff . . . ” than to say “every
homomorphism onto a frame L is a C1-quotient map iff . . . ”. That notwithstanding, we have elected to stay within the
algebraic context.
2. Preliminaries
For a general theory of frames we refer to [16]. A recent “covariant” account of this subject is [21]. Here we collect a






{a∧ x | x ∈ S}
holds for all a ∈ L and S ⊆ L. We denote the top element and the bottom element of L by 1L and 0L respectively, dropping
the decorations if L is clear from the context. The frame of open subsets of a topological space X is denoted by OX .
The pseudocomplement of an element a is the element a∗ = ∨{x ∈ L | x ∧ a = 0}. We say a is regular if a = a∗∗ , and
complemented if a ∨ a∗ = 1. An element a of L is rather below an element b, written a ≺ b, if a∗ ∨ b = 1. On the other hand,
a is completely below b, written a ≺≺ b, if there are elements (xr) indexed by the rational numbers in Q ∩ [0,1] such that
a = x0, x1 = b and xr ≺ xs for r < s. L is then said to be regular if a =∨{x ∈ L | x ≺ a} for each a ∈ L, and completely regular
if a =∨{x ∈ L | x≺≺ a} for each a ∈ L.
CAVEAT: All frames considered here are assumed to be completely regular.
A frame homomorphism is a map between frames which preserves ﬁnite meets, including the top element, and arbitrary
joins, including the bottom element. By a quotient map we mean an onto frame homomorphism. For each a ∈ L we denote
by L
ca−→ ↑a the closed quotient map x → a ∨ x. A homomorphism is called dense if it maps only the bottom element to
the bottom element, and codense if it maps only the top to the top. Associated with a homomorphism h : L → M is its right
adjoint h∗ : M → L given by
h∗(a) =
∨{
x ∈ L | h(x) a}.
An element a of L is a cozero element if there is a sequence (an) in L such that an ≺≺ a for each n and a =∨an . The
cozero part of L, denoted Coz L, is the regular sub-σ -frame consisting of all the cozero elements of L. We refer to [6] for
general properties of cozero elements and cozero parts of frames. A homomorphism h : L → M is said to be:
(1) coz-onto if for every d ∈ CozM , there exists c ∈ Coz L such that h(c) = d,
(2) coz-codense if the only cozero element it maps to the top is the top,
(3) almost coz-codense if for every c ∈ Coz L such that h(c) = 1, there exists d ∈ Coz L such that c ∨ d = 1 and h(d) = 0.
A quotient map is a C-quotient map if and only if it is coz-onto and almost coz-codense [4, Theorem 7.2.7].
There are several ways of realizing the Stone–Cˇech compactiﬁcation of a completely regular frame L. We adopt that
presented in [16]. An ideal J of L is completely regular if for each x ∈ J there exists y ∈ J such that x ≺≺ y. The Stone–
Cˇech compactiﬁcation of L is the frame βL consisting of completely regular ideals of L together with the dense onto frame
homomorphism jL : βL → L given by join. We denote the right adjoint of jL by rL , and recall that rL(a) = {x ∈ L | x ≺≺ a}
T. Dube, M. Matlabyane / Topology and its Applications 158 (2011) 2307–2321 2309for all a ∈ L. Also, for any c,d ∈ Coz L, rL(c ∨ d) = rL(c) ∨ rL(d). The Stone extension of a frame homomorphism h : L → M
between completely regular frames is the frame homomorphism hβ : βL → βM given by
hβ(I) = {y ∈ M ∣∣ y  h(x) for some x ∈ I}










Regarding the frame of reals L(R) and the f -ring RL of continuous real-valued functions on L, we refer to [5]. Recall that
the cozero map coz : RL → L is given by
cozα =
∨{
α(p,0) ∨ ϕ(0,q) ∣∣ p,q ∈ Q}.
As shown in [6], for any a ∈ L,
a ∈ Coz L ⇔ a = cozα for some α ∈ RL.
The association L → RL is functorial, with Rh : RL → RM taking α to h ·α, for any h : L → M . Further, coz(h ·α) = h(cozα).
The Booleanization of a frame L is the Boolean frame BL whose underlying set is BL = {x∗∗ | x ∈ L} with meet as in L and
join
⊔
S = (∨ S)∗∗ for each S ⊆ BL. The map L → BL which sends each x ∈ L to x∗∗ is a dense onto frame homomorphism.
We denote it by 
 and call it the Booleanization map.
Lastly, recall that a nucleus on a frame L is a map j : L → L such that for all a,b ∈ L:
(1) a j(a),
(2) j(a∧ b) = j(a) ∧ j(b),
(3) j2(a) = j(a).
The set Fix( j) = {x ∈ L | j(x) = x} is a frame with meet as in L and join j(∨ S) for each S ⊆ Fix( j). Furthermore, j : L →
Fix( j) is a quotient map the right adjoint of which is the inclusion Fix( j) → L.
3. C1- and strong C1-quotient maps
These maps will be deﬁned in terms of complete separation. We therefore start by recalling from [4] what it means to
say two quotients are completely separated. Whenever we consider two quotients
L
hA−→ A and L hB−→ B
of L, we shall frequently display them in a single diagram as follows:
A
hA←− L hB−→ B.
Two quotients as above are said to be completely separated if there are cozero elements c and d of L such that c ∨ d = 1,
hA(c) = 0A and hB(d) = 0B .
Deﬁnition 3.1. A quotient map L
h−→ M is a C1-quotient map if whenever c ∈ Coz L and d ∈ CozM are such that h(c)∨d = 1,
then the quotients ↑d g←− L cc−→ ↑c, where g = cd · h, are completely separated. It is a strong C1-quotient map if whenever
a ∈ L and d ∈ CozM are such that h(a) ∈ CozM and h(a) ∨ d = 1, then the quotients ↑d g←− L cc−→ ↑c are completely
separated, where g is as before.
These deﬁnitions are, respectively, adaptations to frames of C1-embedded subspaces deﬁned by Ishii and Ohta [15] and
strongly C1-embedded subspaces considered in [14]. As in spaces, the former is a weakening of the concept of C-quotients;
and it implies almost coz-codensity.
Lemma 3.2. A quotient map L
h−→ M is a C1-quotient map iff for every c ∈ Coz L and d ∈ CozM such that h(c) ∨ d = 1, there exists
u ∈ Coz L such that u∨c = 1 and h(u) d. Every C-quotient map is a C1-quotient map. Every C1-quotient map is almost coz-codense.
2310 T. Dube, M. Matlabyane / Topology and its Applications 158 (2011) 2307–2321Proof. (a) The claimed element-wise characterization of C1-quotient map is simply a restatement of the deﬁnition.
(b) Suppose h is a C-quotient map. Let c ∈ Coz L and d ∈ CozM be such that h(c) ∨ d = 1. Then, in view of h being coz-
onto, there exists u ∈ Coz L such that h(u) = d. Therefore h(c ∨ u) = 1. Since h is almost coz-codense, there exists v ∈ Coz L
such that v ∨ c ∨ u = 1 and h(v) = 0. Thus, (v ∨ u) ∨ c = 1 and h(v ∨ u) d. Therefore h is a C1-quotient map.
(c) Suppose h is a C1-quotient map. If c ∈ Coz L is such that h(c) = 1, then h(c)∨ 0= 1. A routinely calculation using the
characterization shows that h is almost coz-codense. 
In [12] a homomorphism h : L → M is said to be a W-map if hβrL(c) = rMh(c) for each c ∈ Coz L. It is shown there that
h is a W-map if and only if for each c ∈ Coz L and y ∈ M , y ≺≺ h(c) implies y  h(s) for some s ≺≺ c in L. We show that
C1-quotient maps are precisely the surjective W-maps. We use the preceding lemma.
Corollary 3.3. A quotient map L
h−→ M is a C1-quotient map iff it is a W-map.
Proof. (⇒): Suppose c ∈ Coz L and y ∈ M are such that y ≺≺ h(c). Choose d ∈ CozM such that y ∧ d = 0 and d ∨ h(c) = 1.
Since h is a C1-quotient map, there exists u ∈ Coz L such that u ∨ c = 1 and h(u)  d. By normality of Coz L, we can ﬁnd
s ≺≺ c such that s ∨ u = 1. Since y ∧ h(u) = 0, y  h(s). Therefore h is a W-map.
(⇐): Let c ∈ Coz L and d ∈ CozM be such that h(c)∨d = 1. Since h(c) ∈ CozM , the normality of CozM yields y ∈ M such
that y ≺≺ h(c) and y ∨ d = 1. By hypothesis, y  h(s) for some s ∈ L with s ≺≺ c. Choose u ∈ Coz L such that s ∧ u = 0 and
u ∨ c = 1. Since h(u) ∧ h(s) = 0, h(u) ∧ y = 0, and hence h(u) d. Therefore h is a C1-quotient map. 
Remark 3.4. In [12, Proposition 4.4] it is shown that the Booleanization map is a W-map if and only if L is a P-frame, where
the latter means c ∨ c∗ = 1 for each c ∈ Coz L. Since the Booleanization map is onto, it follows that it is a C1-quotient map
if and only if L is a P -frame.
In [13, Proposition 4.2] it is shown that an onto homomorphism h : L → M is a C-quotient map if and only if for
each maximal ideal J of CozM there is a maximal ideal I of Coz L such that h[I] = J . We characterize C1-quotient maps
similarly. The characterization will also show (what we have already observed) that any C-quotient map is a C1-quotient
map. Following [13], given a frame homomorphism h : L → M and an ideal J of CozM , we deﬁne the ideal h# J of Coz L by
h# J = {c ∈ Coz L ∣∣ h(c) ∈ J}.
That h# J is indeed an ideal with h[h# J ] ⊆ J is easy to check.
Proposition 3.5. The following are equivalent for a quotient map L
h−→ M.
(1) h is a C1-quotient map.
(2) For every maximal ideal J of CozM, h# J is a maximal ideal of Coz L.
(3) For every maximal ideal J of CozM there is a maximal ideal I of Coz L such that h[I] ⊆ J .
Proof. (1) ⇒ (2): Let u ∈ Coz L be such that u∨ c = 1 for all c ∈ h# J . We must show that u ∈ h# J ; that is, h(u) ∈ J . Suppose,
by way of contradiction, that h(u) /∈ J . Since J is a maximal ideal of CozM , this implies that there exists w ∈ J such that
h(u) ∨ w = 1. Since h is a C1-quotient map, there exists v ∈ Coz L such that u ∨ v = 1 and h(v)  w . But this implies
h(v) ∈ J and hence v ∈ h# J , contradicting the nature of u. Therefore h# J is a maximal ideal of Coz L.
(2) ⇒ (3): This is immediate since h[h# J ] ⊆ J for any ideal J of CozM .
(3) ⇒ (1): Suppose, for contradiction, that h is not a C1-quotient map. Then there exist c ∈ Coz L and d ∈ CozM such that
h(c) ∨ d = 1 but the quotients ↑d g←− L cc−→ ↑c, where g = cd · h, are not completely separated. Then, for any z ∈ Coz L such
that z ≺≺ c we cannot have h(z) ∨ d = 1, for otherwise, if s ∈ Coz L is such that z ∧ s = 0 and s∨ d = 1, then h(z) ∧ h(s) = 0,
implying h(s) d, so that
cc(c) = c = 0↑c, g(s) = h(s) ∨ d = d = 0↑d and s ∨ c = 1,
implying the quotients ↑d g←− L cc−→ ↑c are completely separated. Consequently, the ideal K of CozM generated by the set
{h(x) ∨ d | x ∈ Coz L, x ≺≺ c} is proper. Let J be a maximal ideal of CozM containing K . The hypothesis yields a maximal
ideal I of Coz L such that h[I] ⊆ J . Now d ∈ J , and therefore c /∈ I since h(c) ∨ d = 1. Since I is maximal, there therefore
exists u ∈ I such that c ∨ u = 1. By normality of the σ -frame Coz L, there exists w ∈ Coz L such that w ≺≺ c and w ∨ u = 1.
Then h(w) ∨ h(u) = 1; a contradiction since both h(w) and h(u) are elements of the proper ideal J . 
The equivalence of (1) and (2) in this proposition enables us to present a characterization of C1-quotient maps in terms
of rings of continuous functions. An ideal Q of RL is a z-ideal if, for any α,β ∈ RL, cozα = cozβ and α ∈ Q together imply
β ∈ Q . Any maximal ideal of RL is a z-ideal. One checks routinely that:
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(2) if Q is a maximal ideal of RL, then coz[Q ] is a maximal ideal of L.
Lemma 3.6. Let h : L → M be a frame homomorphism. Then:
(a) For any z-ideal Q of RM, coz−1[h#(coz[Q ])] ⊆ (Rh)−1[Q ].
(b) For any ideal I of CozM, coz−1[h# I] = (Rh)−1[coz−1[I]].
Proof. (a) Let α ∈ coz−1[h#(coz[Q ])]. Then cozα ∈ h#(coz[Q ]), so that h(cozα) = coz((Rh)(α)) ∈ coz[Q ]. Since Q is a z-
ideal, this implies (Rh)(α) ∈ Q , and hence α ∈ (Rh)−1[Q ]. Therefore coz−1[h#(coz[Q ])] ⊆ (Rh)−1[Q ]. In fact, the reverse
inclusion also holds even if Q is a mere ideal – but we do not need that.
(b) For any α ∈ RL we have





iff h(cozα) ∈ I
iff cozα ∈ h# I
iff α ∈ coz−1[h# I]. 
Recall that if f : A → B is a ring homomorphism and I an ideal of B , then f −1[I] is an ideal of A called the contraction
of I .
Corollary 3.7. A quotient map L
h−→ M is a C1-quotient map iff Rh contracts maximal ideals to maximal ideals.
Proof. (⇐): Let I be a maximal ideal of CozM . Then coz−1[I] is a maximal ideal of RM . By hypothesis, (Rh)−1[coz−1[I]]
is a maximal ideal of RL. That is, by Lemma 3.6, coz−1[h# I] is a maximal ideal of RL, and hence coz[coz−1[h# I]] is a
maximal ideal of Coz L. But clearly, coz[coz−1[h# I]] ⊆ h# I; so h# I is a maximal ideal of Coz L. Therefore h is a C1-quotient
map by Proposition 3.5.
(⇒): Let Q be a maximal ideal of RM . Then coz[Q ] is a maximal ideal of CozM . By Proposition 3.5, h#(coz[Q ]) is
a maximal ideal of Coz L, and hence coz−1[h#(coz[Q ])] is a maximal ideal of RL. Since every maximal ideal is a z-ideal,
it follows from Lemma 3.6 that coz−1[h#(coz[Q ])] ⊆ (Rh)−1[Q ]. Therefore (Rh)−1[Q ] is a maximal ideal, and we are
done. 
For any space X , the rings C(X) and R(OX) are isomorphic (see, for instance, [5]). Consequently we have the following:
Corollary 3.8. A subspace S of a Tychonoff space X is C1-embedded iff the ring homomorphism C(X) → C(S), given by f → f |S ,
contracts maximal ideals to maximal ideals.
Remark 3.9. The result in Corollary 3.7 can actually be deduced from [12, Proposition 4.4], in light of C1-quotient maps
being W-maps. However, whereas the proof we have presented here does not require knowledge of what maximal ideals of
RL look like, that of [12, Proposition 4.4] makes explicit use of the description of maximal ideals of RL.
We recall from [13] the following deﬁnition. A homomorphism h : L → M is weakly coz-onto if a∧b = 0 in CozM implies
a = h(c) for some c ∈ Coz L or b = h(d) for some d ∈ Coz L. Coz-onto homomorphisms are obviously weakly coz-onto. It is
shown in [13, Proposition 3.13] that if h : L → M is weakly coz-onto and M is realcompact, then h is coz-onto. The following
result shows, among other things, that a C1-quotient map is coz-onto if and only if it is weakly coz-onto, if and only if it
is a C-quotient map. As in [13], we say an ideal I of Coz L is respected by a homomorphism h : L → M in case h(x) = 1 for
each x ∈ I .
Proposition 3.10. The following are equivalent for a C1-quotient map L
h−→ M:
(1) h is a C-quotient map.
(2) h is coz-onto.
(3) h is weakly coz-onto.
(4) For every maximal ideal I of Coz L respected by h, h[I] is a maximal ideal of CozM.
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(3) ⇒ (1): Since h is almost coz-codense, it suﬃces to show that it is also a C∗-quotient map by [4, Theorem 7.2.7].
We use [4, Theorem 7.1.1]. So, let c ∨ d = 1 in CozM . Since CozM is a normal σ -frame, there exist u, v ∈ CozM such that
u ∧ v = 0 and u ∨ c = v ∨ d = 1. Since h is weakly coz-onto, at least one of u and v is the image of a cozero element. Say
u = h(s) for some s ∈ Coz L. Then h(s) ∨ c = 1. Since h is a C1-quotient map, there exists t ∈ Coz L such that s ∨ t = 1 and
h(t) c. Therefore the cozero cover {c,d} is reﬁned by the image of the cozero cover {s, t} since u ∧ v = 0 and v ∨ d = 1
imply h(s) = u  d.
(2) ⇒ (4): This follows from [13, Proposition 3.7].
(4) ⇒ (1): By [13, Proposition 4.2], it suﬃces to show that every maximal ideal of CozM is the image of a maximal ideal
of Coz L under h. So, let J be a maximal ideal of CozM . Since h is a C1-quotient map, there exists a maximal ideal I of
Coz L such that h[I] ⊆ J . By (4), h[I] is a maximal ideal of CozM , and therefore h[I] = J , by maximality. 
Recall that a frame L is pseudocompact if whenever (an) is a sequence in L such that an ≺≺ an+1 for each n, then ak = 1
for some k. We will use two different characterizations of pseudocompact frames to prove the following corollary. The ﬁrst
is that L is pseudocompact if and only if every countable cover by cozero elements has a ﬁnite subcover (see [6]). The
second is that L is pseudocompact if and only if βL → L is coz-codense, as was proved by Walters-Wayland in her doctoral
thesis [22].
Recall that an ideal I of a σ -complete (i.e. has all countable joins) lattice is said to be σ -proper if for any countable
S ⊆ I , ∨ S = 1. It is a σ -ideal if it is closed under countable joins.
Corollary 3.11. The following are equivalent for a completely regular frame L:
(1) Every homomorphism onto L is a C1-quotient map.
(2) βL → L is a C1-quotient map.
(3) L is pseudocompact.
Proof. (1) ⇒ (2): Trivial.
(2) ⇒ (3): If βL → L is a C1-quotient map, then it is almost coz-codense, and hence coz-codense by density. Therefore L
is pseudocompact by the characterization cited from [22].
(3) ⇒ (1): Let h : M → L be a quotient map. Let I be a maximal ideal of Coz L. We aim to show that h# I is a maximal
ideal of CozM . Observe that I is σ -proper, for if S were a countable subset of I with
∨
S = 1, then pseudocompactness of
L would furnish a ﬁnite T ⊆ S such that ∨ T = 1, which would imply 1 ∈ I , contrary to I being a proper ideal. Thus, by
the second part of [13, Lemma 3.6], I is a σ -ideal. For any countable S ⊆ h# I,h[S] is a countable subset of I , and therefore∨
h[S] = h(∨ S) ∈ I , whence ∨ S ∈ h# I . Therefore h# I is a σ -ideal. Since I is prime (every maximal ideal of Coz L is prime),
a straightforward calculation shows that h# I is prime. Consequently, by the ﬁrst part of [13, Lemma 3.6], h# I is a maximal
ideal of CozM . Therefore h is a C1-quotient map by Proposition 3.5. 
Remark 3.12. Following [8], a quotient map L
h−→ M is said to satisfy property (β) if for every c,d ∈ Coz L with h(c)∨h(d) = 1,
there exist u, v ∈ Coz L such that u∨ v = 1, h(u) h(c) and h(v) h(d). A straightforward calculation shows that every coz-
onto C1-quotient map satisﬁes (β). However, [coz-onto + (β)  C1]. Indeed, it is shown in [10, Proposition 2.6] that a
quotient map is C∗ iff it is coz-onto and satisﬁes property (β). Thus, if L is a non-pseudocompact frame, then βL → L is a
coz-onto quotient map which satisﬁes property (β) but, by the preceding corollary, not C1.
In [4] it is shown that normality is characterizable in terms of C-quotient maps; namely, L is normal if and only if
every closed quotient map L → ↑a is a C-quotient map. A weaker variant of normality (and a slight weakening thereof) are
characterizable in a similar way to normality but in terms of C1-quotient maps. This variant of normality was introduced
to spaces in [18]. A space X is δ-normally separated (resp. weakly δ-normally separated) if every closed (resp. regular-
closed) subset is completely separated from a zero-set disjoint from it. As has been demonstrated in [4], the condition of a
subset being separated from a disjoint zero-set is a specialization to spaces of the notion of a quotient map being almost
coz-codense. It therefore makes good sense to formulate the following deﬁnition.
Deﬁnition 3.13. A frame L is δ-normally separated (resp. weakly δ-normally separated) if for every a ∈ L (resp. every regular
a ∈ L), the closed quotient map L → ↑a is almost coz-codense.
Obviously, a normal frame is δ-normally separated. For purposes of computation, we reformulate the deﬁnition of δ-
normal separation in terms of elements.
Lemma 3.14. L is δ-normally separated (resp. weakly δ-normally separated) iff for every a ∈ L (resp. every regular a ∈ L) and c ∈ Coz L
such that a∨ c = 1, there exists d ∈ Coz L such that d a and c ∨ d = 1.
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Proposition 3.15. A frame L is δ-normally separated (resp. weakly δ-normally separated) iff every closed (resp. regular-closed) quo-
tient map L → ↑a is a C1-quotient map.
Proof. Let L be δ-normally separated and, for a ∈ L, consider the closed quotient map ca : L → ↑a. Let c ∈ Coz L and d ∈
Coz(↑a) be such that ca(c) ∨ d = 1. Then (a ∨ c) ∨ d = c ∨ d = 1, and so, by δ-normal separation, there exists v ∈ Coz L such
that v  d and c ∨ v = 1. Thus, ca(v) = a ∨ v  a∨ d = d, and hence ca is a C1-quotient map.
Conversely, let c ∈ Coz L and a ∈ L be such that c ∨ a = 1. The closed quotient map ca : L → ↑a is a C1-quotient map by
the current hypothesis, and a is a cozero element of Coz(↑a) such that ca(c) ∨ a = 1. So there exists v ∈ Coz L such that
c ∨ v = 1 and ca(v) a. Thus, a∨ v  a, and therefore v  a as desired.
The statement in parentheses is shown similarly. 
We now turn our attention to strong C1-quotient maps. In order to characterize them we need the following deﬁnition.
Deﬁnition 3.16. A frame homomorphism h : L → M is coz-heavy if for each a ∈ L such that h(a) = 1, there exists c ∈ Coz L
such that c  a and h(c) = 1.
Topologically speaking; recall that a subspace S of X is said to be normally placed in case for every open set U ⊆ X
which contains S , there is a cozero-set V of X such that S ⊆ V ⊆ U . Thus, S is normally placed if and only if the frame
homomorphism OX → OS , sending O ∈ OX to O ∩ S , is coz-heavy. We will see below that every quotient map onto a
Lindelöf frame is coz-heavy.
For brevity, we shall, at times, say a quotient map is C1 or C or C∗ , if it is a C1-quotient map, etc. In the proof
of the following proposition we use the fact that a quotient map is C if and only if it is C∗ and almost coz-codense
[4, Theorem 7.2.7].
Proposition 3.17. A necessary and suﬃcient condition that a quotient map be strongly C1 is that it be a coz-heavy C-quotient map.
Proof. Suppose h : L → M is strongly C1. We show ﬁrst that it is C∗ . We use [4, Theorem 7.1.1]. Consider a,b ∈ CozM such
that a∨b = 1. Since h is onto, h(h∗(a))∨b = 1. Therefore, by hypothesis, the quotients ↑h∗(a) ch∗(a)←− L g−→ ↑b, where g = cb ·h,
are completely separated. So there exist u, v ∈ Coz L such that
u ∨ v = 1, ch∗(a)(u) = 0↑h∗(a) and g(v) = 0↑b.
The last two equalities reduce to u  h∗(a), implying h(u)  a, and h(v)  b. Therefore h is C∗ by the characterization
[4, Theorem 7.1.1].
Next, h is almost coz-codense since a strong C1-quotient map is obviously C1, and hence almost coz-codense as observed
earlier. That h is also coz-heavy is immediate since h(a) = 1 implies h(a) ∨ 0= 1, and, of course 0,1 ∈ CozM .
Conversely, suppose the condition holds. Let a ∈ L and b ∈ CozM be such that h(a) ∈ CozM and h(a) ∨ b = 1. Since h
is C∗ , there exist u, v ∈ Coz L such that
u ∨ v = 1, h(u) = h(a) and h(v) = b.
Since Coz L is a normal lattice, there exist c,d ∈ Coz L such that
c ∧ d = 0 and u ∨ c = 1= v ∨ d.
The element t = a∨ c of L is such that
h(t) = h(a) ∨ h(c) = h(u) ∨ h(c) = 1.
Since h is coz-heavy, there is a w ∈ Coz L such that w  t and h(w) = 1. Since h is almost coz-codense, there exists z ∈ Coz L
such that w ∨ z = 1 and h(z) = 0. Now, v ∨ z and w ∧ d are cozero elements of L with
(v ∨ z) ∨ (w ∧ d) = (v ∨ z ∨ w) ∧ (v ∨ z ∨ d) = 1.
We show that they witness the complete separation of the quotients ↑a ca←− L g−→ ↑b, where g = cb · h. Since h(z) = 0, we
have
h(v ∨ z) = h(v) = b,
which implies
(cb · h)(v ∨ z) = b ∨ b = 0↑b.
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ca(w ∧ d) = a = 0↑a,
and hence h is a strong C1-quotient map. 
Corollary 3.18. A dense strongly C1-quotient map is an isomorphism.
Proof. For any element it maps to the top, there is a cozero element below the element that it also maps to the top. By
virtue of being a dense C-quotient map, it is coz-codense. So the cozero element is the top, and hence the element we
started with is the top. Thus, the map is codense, and therefore one–one, and therefore an isomorphism. 
Since the Booleanization map is dense, Corollary 3.18 yields:
Corollary 3.19. 
 : L → BL is a strongly C1-quotient map iff L is Boolean.
Now, in the spirit of Corollary 3.11, we characterize those frames such that every homomorphism onto them is coz-
heavy. They are precisely the Lindelöf frames. From this characterization we shall, en passant, obtain a different proof of
[4, Proposition 8.2.14]. We need two lemmas.
Lemma 3.20. Any quotient map onto a Lindelöf frame is coz-heavy.




∣∣ c ∈ Coz L and c  a}= 1.
Since M is Lindelöf, there are countably many cn  a in Coz L such that h(
∨
cn) = 1. Therefore c =∨ cn is a cozero element
of L such that c  a and h(c) = 1. 
Lemma 3.21. A homomorphic image of a completely regular Lindelöf frame under a coz-heavy homomorphism is Lindelöf.
Proof. Let L
h−→ M be a coz-heavy quotient map with L completely regular and Lindelöf. Let C be a cover of M . For each
c ∈ C take bc ∈ L such that h(bc) = c. Put b = ∨{bc | c ∈ C}. Then h(b) = 1, and so, in view of h being coz-heavy, there
exists d ∈ Coz L such that d b and h(d) = 1. Since d b, and since cozero elements of any Lindelöf frame are Lindelöf [6],
there are countably many elements cn in C such that d
∨




cn . Therefore M is
Lindelöf. 
Recall that a Lindelöﬁcation of a frame L is a dense onto homomorphism M → L with M regular Lindelöf. Also, every
completely regular frame has a universal Lindelöﬁcation λL → L (see [7], for instance). The following corollary follows from
the preceding two lemmas.
Corollary 3.22. The following are equivalent for a completely regular frame L:
(1) Every homomorphism onto L is coz-heavy.
(2) βL → L is coz-heavy.
(3) L is Lindelöf.
(4) Every compactiﬁcation M → L is coz-heavy.
(5) Some compactiﬁcation M → L is coz-heavy.
(6) Every Lindelöﬁcation M → L is coz-heavy.
(7) λL → L is coz-heavy.
(8) Some Lindelöﬁcation M → L is coz-heavy.
Ball and Walters-Wayland show in [4, Proposition 8.2.14] that a completely regular frame L is Lindelöf if and only if
every dense C-quotient map M → L is an isomorphism. This result ﬁrst appeared in [19] stated in localic rather than
frame-theoretic terms. It also follows from Lemma 3.20 and Corollary 3.22.
Corollary 3.23. A completely regular frame L is Lindelöf iff every dense C-quotient map h : M → L is an isomorphism.
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quotient map, it is almost coz-codense; and, being dense, it is therefore coz-codense, and hence codense by coz-heaviness.
It is therefore one–one and hence an isomorphism. The converse follows from Corollary 3.22 since λL → L is a dense
C-quotient map. 
Remark 3.24. If L is pseudocompact and Lindelöf, then the homomorphism βL → L is codense since it is coz-heavy by
Corollary 3.22. Therefore it is an isomorphism, and hence L is compact. That a pseudocompact Lindelöf frame is compact
was ﬁrst proved in [6].
We now observe that frames onto which every homomorphism is strongly C1 are precisely the compact ones.
Corollary 3.25. The following are equivalent for a completely regular frame L:
(1) Every homomorphism onto L is strongly C1 .
(2) βL → L is strongly C1 .
(3) L is compact.
Proof. That (1) implies (2) is trivial; and (2) implies (3) by Corollary 3.18. Now assume (3). If L is compact, then it is
Lindelöf, and hence every homomorphism onto L is coz-heavy by Corollary 3.22. By [11, Proposition 2.8], if L is compact
(so that it is almost compact), then every homomorphism onto L is a C-quotient map. Thus, every homomorphism onto L
is strongly C1. 
We end the section by examining if the property of being coz-heavy, C1 or strong C1 lifts to the Stone extension of a
quotient map. Because we have deﬁned these properties for onto homomorphisms, in order for our investigation to make
sense the Stone extension must be onto. As shown in [10, Proposition 2.1], the Stone extension of a quotient map is onto
if and only if the map is a C∗-quotient map. We shall therefore impose that condition. We start with an example of a
C∗-quotient map which is not C1 but the Stone extension of which is C1.
Example 3.26. Let M be a non-pseudocompact frame and let L
h−→ M be its Stone–Cˇech compactiﬁcation. Then h is a C∗-
quotient map, which is not coz-codense since L is not pseudocompact. Consequently, h is not almost coz-codense, and is
therefore not a C1-quotient map. But hβ is an isomorphism since the density of h clearly implies that of hβ , making the
latter one–one (and hence an isomorphism) by regularity of its domain and compactness of its codomain.
Proposition 3.27. Let L
h−→ M be a C∗-quotient map which is also a C1-quotient map. Then βL h
β−→ βM is a C1-quotient map. In
fact, hβ is a C-quotient map.
Proof. Since βM is Lindelöf, hβ is coz-onto by [13, Proposition 3.2]. To see that it is also almost coz-codense, let I ∈ CozβL



















By compactness and the fact that above every element of I is a cozero element belonging to I , there exists a cozero element




)= jMhβ(rL(c))= jM(1βM) = 1.
Since h is almost coz-codense, there exists d ∈ Coz L such that
d∨ c = 1 and h(d) = 0.
Then rL(c) ∨ rL(d) = 1βL , so that I ∨ rL(d) = 1βL . Since βL is normal, there exists J ∈ CozβL such that J  rL(d) and
J ∨ I = 1βL . Now, hβ( J ) = 0βM . Indeed, if y ∈ hβ( J ), then y  h(t) for some t ∈ J . Thus t  d, and so y  h(d) = 0. Therefore
hβ is almost coz-codense, and is therefore a C-quotient map, and hence a C1-quotient map. 
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element. All we used is that it is mapped to the top. This might create the impression that hβ satisﬁes a condition stronger
than almost coz-codensity. However, in light of hβ being coz-heavy (since its codomain is Lindelöf), the “stronger” condition
is actually equivalent to almost coz-codensity.
Similar to Example 3.26, if L is not Lindelöf, then βL → L is a C∗-quotient map which is not coz-heavy, but whose
Stone extension is coz-heavy. Of course, if the Stone extension of a quotient map is onto, then it is coz-heavy in view of its
codomain being Lindelöf. Also, if L is not compact, then βL → L is a C∗-quotient map which is not strongly C1 but whose
Stone extension is strongly C1.
Proposition 3.29. Let L
h−→ M be a strongly C1-quotient map. Then βL h
β−→ βM is a strongly C1-quotient map.
Proof. The hypothesis on h makes h a C∗-quotient map which is C1. Therefore, by Proposition 3.27, hβ is a C-quotient map.
It is also coz-heavy since its codomain is Lindelöf. 
In analogy with the Stone extension of a homomorphism h : L → M , deﬁne the Lindelöf extension of h to be the frame
homomorphism hλ : λL → λM given by I → 〈h[I]〉σ , where 〈·〉σ denotes σ -ideal generation. Then hλ is the unique “lift” of
h to the universal Lindelöﬁcations, just like hβ is the unique lift of h to the Stone–Cˇech compactiﬁcations. It is shown in
[10, Lemma 2.3] that hλ is onto if and only if h is coz-onto. The reader might wonder if the C1 and strong C1 properties
are inherited by hλ for coz-onto h. They are. To see this, recall that CozλL = {[c] | c ∈ Coz L}, where [c] = {u ∈ Coz L | u  c}.
Further, for each c ∈ Coz L, hλ([c]) = [h(c)]. These observations make it apparent that if h is a coz-onto quotient map, then h is
C1 iff hλ is C1.
On the other hand, if L is not Lindelöf, then λL → L is a coz-onto quotient map which is not strongly C1, but whose
Lindelöf extension is strongly C1. Conversely, if h : L → M is strongly C1 (so that it is already coz-onto), then h is a C-
quotient map, and therefore, by [10, Proposition 2.4], hλ is a C-quotient map which is coz-heavy, in virtue of its codomain
being Lindelöf. Therefore hλ is strongly C1.
4. Uplifting homomorphisms
In this section we consider quotient maps which extend Aull’s [1] FF-embedded spaces. These quotient maps bear close
resemblance to C∗-quotient maps. There are instances where they coincide.
Deﬁnition 4.1. A quotient map L
h−→ M is uplifting if, for every a,b ∈ M , a∨ b = 1 implies h∗(a) ∨ h∗(b) = 1.
The term “uplifting” is borrowed from [3] where it is used to describe a σ -frame homomorphism f : A → B such that
whenever b1 ∨ b2 = 1 in B , there exist a1,a2 ∈ A such that a1 ∨ a2 = 1 and f (ai) bi . Although our deﬁnition is in terms
of right adjoints, we observe below that it could have been couched in exactly the same terms as that of [3]. In [20],
Martínez considers injective frame homomorphisms with the property stated in the deﬁnition and calls them “capping”.
In [1], a subspace S of a topological space X is said to be FF-embedded if for any pair K1, K2 of disjoint closed subsets
of S , there is a pair C1,C2 of disjoint closed subsets of X such that Ki = S ∩ Ci for i = 1,2. In the observations below we
demonstrate that S is FF-embedded if and only if the quotient map OX → OS , induced by the subspace inclusion S ↪→ X ,
is uplifting.
Obsevations 4.2. (1) A quotient map L
h−→ M is uplifting iff for any x1, x2 ∈ M such that x1 ∨ x2 = 1, there exist a1,a2 ∈ L
such that a1 ∨ a2 = 1 and h(ai) = xi for i = 1,2. The forward implication holds since a = hh∗(a) for all a as h is onto. The
conversely holds because ai  h∗(xi) if h(ai) = xi . Thus, a subspace is FF-embedded iff the induced frame homomorphism is
uplifting.
(2) A quotient map L
h−→ M is uplifting iff for any b1,b2 ∈ M such that b1 ∨ b2 = 1, there exist a1,a2 ∈ L such that
a1 ∨ a2 = 1 and h(ai) bi for i = 1,2. Consequently, if L and M are normal, an onto frame homomorphism is uplifting as a
frame homomorphism iff it is uplifting as a σ -frame homomorphism.
Examples 4.3. (1) Any closed quotient map L
h−→ M is uplifting, for if a ∨ b = 1 in M , then a ∨ hh∗(b) = 1, and hence, by
closedness, 1= h∗(1) = h∗(a) ∨ h∗(b). In particular, L ca−→ ↑a is uplifting for each a ∈ L.
(2) In his doctoral thesis [9], Chen deﬁnes the graph of a homomorphism h : L → M to be the onto homomorphism
G(h) : L ⊕ M → M deﬁned by x ⊕ y → h(x) ∧ y. If h is uplifting, then so is its graph. Indeed, let x ∨ y = 1M . Then h∗(x) ∨
h∗(y) = 1L , and therefore (h∗(x)⊕1M)∨ (h∗(y)⊕1M) = 1L⊕M . But G(h)(h∗(x)⊕1M) = x and G(h)(h∗(y)⊕1M) = y; so G(h)
is uplifting. A consequence of this is that the co-diagonal map ∇ : L ⊕ L → L, given by a ⊕ b → a ∧ b, is uplifting for any
frame L since ∇ = G(idL).
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(see [4, Theorem 7.1.1]). Indeed, if the domain and the codomain of a quotient map are normal, then the two concepts
coincide because, in a normal frame, a∨b = 1 implies c∨d = 1 for some cozero elements c and d such that c  a and d b.
In fact, we have the following lemma which we shall use to characterize normal frames in terms of uplifting maps.
Lemma 4.4. Let L
h−→ M be a quotient map. Then the following statements hold.
(a) If M is normal and h is a C∗-quotient map, then h is uplifting.
(b) If L is normal and h is uplifting, then h is a C∗-quotient map.
(c) If L and M are normal, then h is uplifting iff it is a C∗-quotient map.
In [4] normal frames L are characterized by the property that every closed quotient L
ca−→ ↑a is a C∗-quotient map. This
enables us to characterize normal frames in terms of uplifting quotients maps.
Proposition 4.5. The following are equivalent for a completely regular frame L:
(1) L is normal.
(2) Every C∗-quotient map M → L is uplifting.
(3) βL → L is uplifting.
(4) λL → L is uplifting.
(5) Every uplifting quotient map L
h−→ M is a C∗-quotient map.
Proof. By the lemma, (1) implies (2). Since βL → L is a C∗-quotient map, (2) implies (3); and since λL → L is a C∗-quotient
map, (2) implies (4).
(3) ⇒ (1): Let a ∨ b = 1 in L. Then rL(a) ∨ rL(b) = 1βL , by hypothesis. Therefore there exist elements c,d ∈ L such that
c ≺≺ a, d ≺≺ b and c ∨ d = 1. Therefore L is normal.
(4) ⇒ (1): Let a∨ b = 1 in L. Denote the right adjoint of λL → L by sL , and notice that, for any x ∈ L, sL(x) = {c ∈ Coz L |
c  x}. The current hypothesis implies sL(a)∨ sL(b) = 1λL . In view of how binary joins are calculated in λL, this implies that
there exist c,d ∈ Coz L such that c  a,d b and c ∨ d = 1. Therefore L is normal.
(1) ⇒ (5): This is part of the lemma.
(5) ⇒ (1): Every closed quotient map L → ↑a is uplifting; so the hypothesis makes each such quotient a C∗-quotient
map, making L normal by [4, Theorem 8.3.3]. 
In [2, Proposition 3.7] it is shown that if the right adjoint of a compactiﬁcation M → L is a lattice homomorphism, then
L is normal and M → L is (isomorphic to) the Stone–Cˇech compactiﬁcation. We sharpen this by relaxing the hypothesis
somewhat.
Corollary 4.6. If a frame has an uplifting compactiﬁcation, then the frame is normal and the compactiﬁcation in question is (isomorphic
to) the Stone–Cˇech compactiﬁcation.
Proof. Let M → L be an uplifting compactiﬁcation of L. Then, in view of M being normal, the homomorphism M → L is a
C∗-quotient map by the implication (1) ⇒ (4) of Proposition 4.5. Therefore M ∼= βL by [4, Corollary 8.2.7], and hence L is
normal by the implication (3) ⇒ (1) in Proposition 4.5. 
In [7] a compactiﬁcation h : M → L of L is called a one-point compactiﬁcation if there is a maximal element s of M
such that h induces an isomorphism ↓s → L. Analogous to topological spaces, call a completely regular frame L almost
compact in case it is compact or βL → L is a one-point compactiﬁcation. Combining results from [11, Proposition 2.8] and
[17, Theorem 4], we have that a frame is almost compact iff it has only one compactiﬁcation. This leads us to the following result.
Corollary 4.7. The following are equivalent for a completely regular frame L:
(1) Every homomorphism onto L is uplifting.
(2) L is almost compact and normal.
Proof. (1) ⇒ (2): By Corollary 4.6, if (1) holds, then L is normal and has only one compactiﬁcation. Thus, L is also almost
compact.
(2) ⇒ (1): If L is almost compact, then, by [11, Proposition 2.8(2)], every quotient map M → L is a C∗-quotient map.
Thus, if L is normal too, then by Proposition 4.5, every quotient map M → L is uplifting. 
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quotient maps, uplifting implies C∗ without the normality condition. To prove this we need the following lemma.
Lemma 4.8. The right adjoint of a dense uplifting homomorphism preserves the rather below and the completely below relations.
Proof. Let L
h−→ M be a dense uplifting quotient map, and let a ≺ b in M . Pick s ∈ M such that a∧ s = 0 and s∨b = 1. Then
h∗(a) ∧ h∗(s) = 0 by denseness, and h∗(s) ∨ h∗(b) = 1 since h is uplifting. So h∗(a) ≺ h∗(b). The other result then follows
from this. 
Among many necessary and suﬃcient conditions that a quotient map L
h−→ M be C∗ established in [4] is that whenever
c ≺≺ d in M there exist a ≺≺ b in L such that c  h(a) ≺≺ h(b) d. Consequently, in light of the preceding lemma, we have:
Proposition 4.9. A dense uplifting quotient map L
h−→ M is a C∗-quotient map.
We saw in the previous section when the Booleanization map L → BL is C1 and when it is strongly C1. Here we
establish when it is uplifting. Recall that L is extremally disconnected if a∗ ∨ a∗∗ = 1 for each a ∈ L.
Proposition 4.10. 
 : L → BL is uplifting iff L is extremally disconnected.
Proof. Let us ﬁrst calculate the right adjoint of 




x ∈ L ∣∣ x∗∗  a}= a,
since a∗∗ = a as a ∈ BL. Next, notice that pseudocomplementation in BL is precisely that of L. Now assume 
 is uplifting.






∗(a∗∗)= a∗ ∨ a∗∗,
implying that L is extremally disconnected.
Conversely, let a unionsq b = 1 in BL. Then (a ∨ b)∗∗ = 1, whence a∗∗ ∨ b∗∗ = 1, since L is extremally disconnected. Thus,
a∨ b = 1 since a = a∗∗ and b = b∗∗ . Therefore 
∗(a) ∨ 
∗(b) = 1, and so 
 is uplifting. 
Of course, that the right adjoint of 
 is simply the inclusion BL → L is known since, as a map into L, 
 is a nucleus. Let
us now examine if the uplifting property is inherited by the Stone extension.
Proposition 4.11. The Stone extension of an uplifting C∗-quotient map is uplifting.
Proof. Let L
h−→ M be an uplifting C∗-quotient map. Let J ∨ K = 1βM . Then x ∨ y = 1 for some x ∈ J and y ∈ K . Since J
and K are completely regular ideals, there are cozero elements c and d of M such that c ∈ J , d ∈ K and c∨ d = 1. Since h is
a C∗-quotient map, there exist u, v ∈ Coz L such that
u ∨ v = 1 and h(u) = c, h(v) = d.
Then rL(u)∨ rL(v) = 1βL . We show that hβ(rL(u)) ⊆ J . Indeed, if y ∈ hβ(rL(u)), then y  h(s) for some s ≺≺ u. Consequently,
y  h(s) h(u) = c ∈ J ,
which implies y ∈ J . Similarly, hβ(rL(v)) ⊆ K . Therefore hβ is uplifting. 
As in the previous cases, the converse fails since, for any non-normal completely regular frame L, βL → L is a non-lifting
C∗-quotient map (by Proposition 4.5) whose Stone extension is uplifting.
Lastly, we provide conditions which are equivalent to the Lindelöf extension of a quotient map being uplifting. Let
h : L → M be a coz-onto homomorphism, so that hλ is onto. Recalling the discussion at the end of the previous section, it
is clear, by [4, Theorem 7.1.1], that h is a C∗-quotient map if and only if hλ is a C∗-quotient map. Since regular Lindelöf
frames are normal, Lemma 4.4 shows that hλ is uplifting if and only if it is a C∗-quotient map. Consequently, we have the
following result.
Proposition 4.12. The following are equivalent for a quotient map h : L → M:
(1) hλ is uplifting.
(2) hλ is a C∗-quotient map.
(3) h is a C∗-quotient map.
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In this section we explore brieﬂy when the meet (in the assembly) of two quotients is of any of the types discussed in
the earlier sections. We recall that if j and k are nuclei on L, then:
(1) the map j ∧ k, deﬁned by a → j(a) ∧ k(a), is also a nucleus on L,
(2) if j  k (comparison in the assembly is pointwise), then the mapping Fix( j) → Fix(k), effected by k, is a frame homo-
morphism.
Note from (2) that if j  k and c ∈ Coz(Fix( j)), then k(c) ∈ Coz(Fix(k)).






We aim to ﬁnd reasonable conditions on  and j that ensure that  ∧ j is C1, strongly C1 or uplifting. In order to avoid
ambiguity, we write unionsq , unionsq j and unionsq to denote the binary joins in Fix(), Fix( j) and Fix( ∧ j), respectively. The join in L
retains the symbol ∨.
Proposition 5.1. If  and j, as above, are C1-quotient maps, then  ∧ j is a C1-quotient map. The converse fails.
Proof. Let c ∈ Coz L and d ∈ Coz(Fix(∧ j)) be such that (∧ j)(c)unionsqd = 1. Therefore (∧ j)((∧ j)(c)∨d) = 1, which implies
((c) ∨ (d)) = 1, that is, (c) unionsq (d) = 1. But (d) ∈ Coz(Fix()) as observed above; therefore, in view of  being C1, there
exists u ∈ Coz L such that u ∨ c = 1 and (u)  (d). Similarly, there exists v ∈ Coz L such that v ∨ c = 1 and j(v)  j(d).
Thus, u ∧ v is a cozero element of L such that (u ∧ v) ∨ c = 1 and
( ∧ j)(u ∧ v) (u ∧ v) (u) (d).
Similarly, ( ∧ j)(u ∧ v) j(d), and hence
( ∧ j)(u ∧ v) (d) ∧ j(d) = ( ∧ j)(d) = d.
Therefore  ∧ j is a C1-quotient map.
To see that the converse fails, take  = idL and j = rL jL for any non-pseudocompact L (recall that jL is the join map
βL → L and rL its right adjoint). 
A corollary of this proposition which is not noted in [15] is that the union of any two C1-embedded subspaces is C1-
embedded. The following two lemmas are needed to show that, given  and j to be strongly C1, ∧ j is strongly C1 precisely
when it is coz-onto.
Lemma 5.2. If  and j, as above, are almost coz-codense, then  ∧ j is almost coz-codense.
Proof. Let c ∈ Coz L be such that ( ∧ j)(c) = 1. Then (c) = j(c) = 1. By hypothesis, there exist d1,d2 ∈ Coz L such that
c ∨ d1 = c ∨ d2 = 1 and (d1) = (0), j(d2) = j(0).
Then d1 ∧ d2 is a cozero element of L such that c ∨ (d1 ∧ d2) = 1 and
( ∧ j)(d1 ∧ d2) = (d1 ∧ d2) ∧ j(d1 ∧ d2)
 (d1) ∧ j(d2)
= (0) ∧ j(0)
= ( ∧ j)(0)
= 0Fix(∧ j).
Therefore  ∧ j is almost coz-codense. 
Lemma 5.3. If  and j, as above, are coz-heavy, then  ∧ j is coz-heavy.
2320 T. Dube, M. Matlabyane / Topology and its Applications 158 (2011) 2307–2321Proof. Let a ∈ L be such that ( ∧ j)(a) = 1. Then (a) = j(a) = 1. By hypothesis, there exist c,d ∈ Coz L such that c  a,d
a, (c) = 1 and j(d) = 1. Then c ∨ d is a cozero element of L such that c ∨ d a and
( ∧ j)(c ∨ d) = (c ∨ d) ∧ j(c ∨ d) (c) ∧ j(d) = 1.
Therefore  ∧ j is coz-heavy. 
Proposition 5.4. If  and j, as above, are strongly C1 , then the  ∧ j is strongly C1 iff it is coz-onto.
Proof. We need only to prove the right-to-left implication. In view of Proposition 3.17, it suﬃces to show that ∧ j is a coz-
heavy C-quotient map. Since  and j are strongly C1, they are almost coz-codense, and hence  ∧ j is almost coz-codense
by Lemma 5.2. So, being coz-onto and almost coz-codense, it is a C-quotient map (see [4, Theorem 7.2.7]). Also,  and j are
coz-heavy, so  ∧ j is coz-heavy by Lemma 5.3. 
Although we are not concerned with C- and C∗-quotient maps per se, it is perhaps worth noting that:
Corollary 5.5. If  and j, as above, are almost coz-codense, then the following are equivalent:
(1)  ∧ j is coz-onto.
(2)  ∧ j is a C∗-quotient map.
(3)  ∧ j is a C-quotient map.
Proof. Only the implication (1) ⇒ (3) needs veriﬁcation. By Lemma 5.2, ∧ j is almost coz-codense, and hence a C-quotient
map if (1) holds. 
In preparation for our last result, let us observe that if k is a nucleus on L, then k : L → Fix(k) is uplifting iff for all
a,b ∈ L, k(k(a) ∨ k(b)) = 1 implies k(a) ∨ k(b) = 1.
Proposition 5.6. Suppose  and j, as above, are uplifting. Denote by unionsq the join in Fix( ∧ j). Then  ∧ j is uplifting iff, for all a,b ∈ L,
( ∧ j)(a) unionsq ( ∧ j)(b) = 1 implies (a) ∨ j(b) = (b) ∨ j(a) = 1.
Proof. Let us observe ﬁrst that, for any a,b ∈ L,
( ∧ j)(a) ∨ ( ∧ j)(b) = ((a) ∧ j(a))∨ ((b) ∧ j(b))
= (((a) ∧ j(a))∨ (b))∧ (((a) ∧ j(a))∨ j(b))
= ((a) ∨ (b))∧ ( j(a) ∨ (b))∧ ( j(a) ∨ j(b))∧ ((a) ∨ j(b)).
Now let us prove the left-to-right implication. The hypothesis, then, is that , j and ∧ j are all uplifting. (In fact, that  and
j are uplifting is not needed in this case.) Suppose that a and b are elements of L such that (∧ j)(a)unionsq (∧ j)(b) = 1. Then
(∧ j)(a) and (∧ j)(b) are elements of the frame Fix(∧ j) whose join (in this frame) is the top. Since the homomorphism
 ∧ j : L → Fix( ∧ j) is hypothesized to be uplifting, we have that ( ∧ j)(a) ∨ ( ∧ j)(b) = 1. Since  ∧ j   and  ∧ j  j,
it follows that
(a) ∨ (b) = 1= j(a) ∨ j(b).
Thus, the calculation at the beginning of the proof yields
(
(a) ∨ j(b))∧ ((b) ∨ j(a))= 1,
whence the desired result follows.
Conversely, suppose the stated condition holds. Let u, v ∈ Fix(∧ j) be such that uunionsq v = 1. Then (∧ j)(u)unionsq (∧ j)(v) = 1.
In terms of the join in L, this says ( ∧ j)(u ∨ v) = 1, which implies (u ∨ v) = 1, and hence ((u) ∨ (v)) = 1. Since  is
uplifting, this implies (u) ∨ (v) = 1. Similarly, j(u) ∨ j(v) = 1. Now, this together with the condition and the calculation
at the beginning of the proof shows that
( ∧ j)(u) ∨ ( ∧ j)(v) = 1.
Therefore  ∧ j is uplifting. 
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